Abstract. Let Z = G/H be the homogeneous space of a real reductive group and a unimodular real spherical subgroup, and consider the regular representation of G on L 2 (Z). It is shown that all representations of the discrete series, that is, the irreducible subrepresentations of L 2 (Z), have infinitesimal characters which are real and belong to a lattice. Moreover, let K be a maximal compact subgroup of G. Then each irreducible representation of K occurs in a finite set of such discrete series representations only. Similar results are obtained for the twisted discrete series, that is, the discrete components of the space of square integrable sections of a line bundle, given by a unitary character on an abelian extension of H.
Introduction
Let Z = G/H be a homogeneous space attached to a real reductive group G and a closed subgroup H. A principal objective in the harmonic analysis of Z is the understanding of the G-equivariant spectral decomposition of the space L 2 (Z) of square integrable half-densities. The irreducible components of L 2 (Z) are of particular interest, they comprise the discrete series for Z. We will assume that Z is unimodular, that is, it carries a positive G-invariant Radon measure. Then L 2 (Z) is identified as the space of square integrable functions with respect to this measure.
Later on we shall restrict ourselves to the case where Z is real spherical, that is, the action of a minimal parabolic subgroup P ⊆ G on Z admits an open orbit. Symmetric spaces are real spherical, as well as real forms of complex spherical spaces. We mention that a classification of real spherical spaces G/H with H reductive became recently available, see [18] and [19] .
For symmetric spaces it is known (see [5] , [2] ) that the spectral components of L 2 (Z) are built by means of induction from certain parabolic subgroups of G. The inducing representations belong to the discrete series of a symmetric space of the Levi subgroup, twisted by unitary characters on its center. For real spherical spaces the results on tempered representations obtained in [21] suggest similarly that the spectral decomposition of L 2 (Z) will be built from the twisted discrete spectrum of a certain finite set of satellites Z I = G/H I of Z, which are again unimodular real spherical spaces. A first step towards obtaining a spectral decomposition is then to obtain key properties of the twisted discrete series for all unimodular real spherical spaces.
As usual we write G for the unitary dual of G and disregard the distinction between equivalence classes [π] ∈ G and their representatives π. Representations π ∈ G which occur in L 2 (Z) discretely will be called representations of the discrete series for Z. This notion distinguishes a subset of G which we denote by G H,d . We write G d for the discrete series of G, i.e., G d = G {e},d . Note that in general there is no relation between the sets G d and G H,d if H is non-trivial.
To explain the notion of being twisted we recall the automorphism group N G (H)/H of Z, where N G (H) denotes the normalizer of H. It gives rise to a right action of N G (H)/H on L 2 (Z) commuting with the left regular action of G. It is easy to see that there exists no discrete spectrum unless N G (H)/H is compact. For real spherical spaces N G (H)/H is fairly well behaved: N G (H)/H is a product of a compact group and a non-compact torus [20] . Let A be a maximal non-compact torus in N G (H)/H. If A is non-trivial, then there exist no discrete series representations for Z. In this case we generalize the notion of discrete series as follows. We have an equivariant disintegration into G-modules
Here A denotes the set of unitary characters χ of A, and L 2 (Z; χ) denotes the space of functions on Z, which transform by χ (times a modular character) and are square integrable modulo A (as half-densities, since in general G/N G (H) is not unimodular). The set of representations π ∈ G which are in the discrete spectrum of L 2 (Z; χ) is called the χ-twisted discrete series and is denoted G H,χ . The union G H,td of these sets over all χ ∈ A is referred to as the twisted discrete series for Z.
Let P = MAN be a Langlands decomposition of the minimal parabolic subgroup P . Denote by m and a the Lie algebras of M and A respectively. Choose a maximal torus t ⊆ m and set c := a + it. We note that c C is Cartan subalgebra of g C and denote by W c the Weyl group of the root system Σ(g C , c) ⊆ c * . For every π ∈ G we denote by χ π ∈ c * C /W c its infinitesimal character and recall a theorem of Harish-Chandra ( [9, Thm. 7] ), which asserts that the map (1.1)
X : G → c * C /W c , π → χ π has uniformly finite fibers. Note that X is continuous if G is endowed with the Fell topology.
A priori it is not clear that X( G H,d ) or X( G H,χ ) is a discrete subset of c * C /W c . However, we believe this to be true for general real algebraic homogeneous spaces Z. For real spherical spaces Z it is a consequence of the main theorem, Theorem 8.3 below, which slightly simplified can be phrased as follows. 
A few remarks about the consequences of this theorem are in order.
Remark 1.2.
(1) The statement in (i) implies that the infinitesimal characters χ π are real and discrete for π ∈ G H,d . Furthermore (see Corollary 8.4 below), these properties of χ π lead to the following. Let K ⊆ G be a maximal compact subgroup. For all τ ∈ K and χ ∈ A the set {π ∈ G H,χ | Hom K (π K , τ ) = 0}
is finite. In other words, there are only finitely many χ-twisted discrete series representations containing a given K-type. For p-adic spherical spaces of wavefront type this was shown by Sakellaridis and Venkatesh in [36, Theorem 9.2.1]. (2) There is a simple relation between the leading exponents of generalized matrix coefficients attached to π ∈ G H,td and the infinitesimal character χ π of π (cf. Lemma 3.4). Further, twisted discrete series can be described by inequalities satisfied by the leading exponents (cf. [21] or (3.3)-(3.4) below). The inclusion Re X( G H,td ) ⊆ Λ Z /W c then implies that all real parts of leading exponents are uniformly bounded away from "rho". Phrased differently, Theorem 1.1(ii) implies a spectral gap for twisted discrete series. In [36] , Prop. 9.4.8, this is called "uniform boundedness of exponents" and is a key fact for establishing the Plancherel formula for p-adic spherical spaces of wavefront type. Theorem 1.1 will be used in [6] to derive a Plancherel theorem for L 2 (Z) in terms of Bernstein-morphisms as in [36] , Section 11. Notice that the strategy of proof designed in [36] for the Plancherel theorem differs from the earlier approach where the discrete spectrum is classified first (see [10] for groups and [2] , [5] for symmetric spaces). In [36] the discrete series is taken as a black box which features a spectral gap, and the Plancherel theorem is established without knowing the discrete spectrum explicitly.
For reductive groups an explicit parametrization of the discrete series G d was obtained by Harish-Chandra [11] . More generally, for symmetric spaces G/H discrete series were constructed by Flensted-Jensen [7] , and his work was completed by Matsuki and Oshima [32] to a full classification of G H,d . For a general real spherical space such an explicit parameter description appears currently to be out of reach and for non-symmetric spaces the existence or non-existence of discrete series is known only in a few cases. See [24, Corollary 5.6] and in [13, Corollary 4.5] .
More importantly, the existence of discrete series can be characterized geometrically by the existence of a compact Cartan subalgebra in the group case, and of a compact Cartan subspace in h ⊥ in the more general case of symmetric spaces. One can phrase this uniformly as:
where the interior int is taken in h ⊥ . We expect that (1.2) is true for all algebraic homogeneous spaces Z. A geometric characterization for the existence of twisted discrete series is less clear; in the real spherical case we expect
Having obtained a Plancherel theorem in terms of Bernstein-morphisms as alluded to above, one obtains the implication "⇐" in (1.2) for real spherical spaces via the soft techniques from microlocal analysis developed by Harris and his coauthors, see [12] . The implication "⇒" (for real spherical spaces) we consider as one of the most interesting current problems in this area.
Representations of the discrete series feature interesting additional structures. For instance, for a reductive group Schmid realized the discrete spectrum in L 2 -Dolbeault cohomology [34] . This was the first of series of realizations of the discrete series representations for reductive Lie groups. Vogan established that the representations of the discrete series on a symmetric space are cohomologically induced [38] . It would be interesting to know for non-symmetric spaces to which extent G H,d consists of cohomologically induced representations.
1.1. Methods. We first describe the idea of proof for Theorem 1.1 in the case Z = G is a semisimple group. Let π ∈ G d be a discrete series. Let σ ∈ M and λ ∈ a * C be such that there is a quotient π λ,σ = Ind
Here induction is normalized and from the left. Such a quotient exists for every irreducible representation π by the subrepresentation theorem of Casselman.
Let now v ∈ π ∞ λ,σ be a smooth vector and let v be its image in π ∞ . Further let η be any smooth vector in (π ∨ ) ∞ where π ∨ is the dual representation of π. We view η as an element of (π
it then by η, and record the relation
We now use the non-compact model for π λ,σ , i.e. σ-valued functions on N (the opposite of N), and let v be a σ-valued a test function on N . Let g = a ∈ A.
As v is compactly supported on N, the functions n → a −2ρ v(ana −1 ) form a Dirac sequence on N for a ∈ A − tending to infinity along a regular ray, and a partial Dirac sequence in case of a semi-regular ray. Here A − = exp(a − ) with a − ⊆ a the closure of the negative Weyl chamber determined by N. Dirac approximation and appropriate choices of v and η then give a constant c = c(v, η) = 0 and the asymptotic behavior:
Strictly speaking, the constant c above also depends on the ray along which we go to infinity, in case it is not regular. The asymptotics (1.3) are motivated by a lemma of Langlands [30, Lemma 3.12] which is at the core of the Langlands classification. This lemma asserts for K-finite vectors v and η, and for λ in the range of absolute convergence of the long intertwining operator, say I, that
As our v is compactly supported on N the integral defining I(v) is in fact absolutely convergent for every parameter λ.
As π belongs to the discrete series, m v,η is square integrable on G. One then derives from (1.3) and the integral formula for the Cartan decomposition G = KA − K that the parameter λ has to satisfy the strict inequality
There exists a number N(G) ∈ N such that every rank one standard intertwiner
Z for some simple root α ∈ Σ(n, a). Then we obtain an additional quotient morphism π sαλ,sασ ։ π. As above this implies
Motivated by (1.5) we define an equivalence relation on a * C in Section 7.1 as follows: λ ∼ µ provided µ is obtained from λ by a sequence
The equivalence class of λ ∈ a * C is denoted [λ] and (by slight abuse of terminology introduced in Section 7.2) we say that λ is strictly integral-negative provided all elements of [λ] satisfy (1.5). In particular we see that any parameter λ, for which there exists a discrete series representation (π, V ) and a quotient π λ,σ ։ V , is strictly integral-negative.
Using the geometry of the Euclidean apartment of the Weyl group we show in Section 7 (Corollary 7.5) that there exists an N = N(g) ∈ N such that for strictly integral-negative parameters λ ∈ a * C one has
In particular strictly integral-negative parameters are real and discrete. For a general real spherical space Z = G/H we start with a twisted discrete series representation π and consider it as a quotient π λ,σ = Ind G P (λ ⊗ σ) ։ π of a principal series representation. The role of η ∈ (π ∨ ) ∞ above is now played by an element η ∈ (π −∞ ) H where π −∞ refers to the dual of π ∞ . We let η be the lift of η to an element of (π
descends to a smooth function on Z = G/H and is referred to as a generalized matrix coefficient. Now η is supported on various H-orbits on P \G and we pick one with maximal dimension, say P xH for some x ∈ G. Here one meets the first serious technical obstruction: Unlike in the symmetric case (Matsuki [31] , Rossmann [33] ), there is no explicit description of the P × H double cosets, but merely the information that the number of double cosets is finite [27] . However, for computational purposes related to asymptotic analysis it turns out that one can replace the unknown isotropy algebra h x := Ad(x)h by its deformation
There are only finitely many of those for regular X and they are all a-stable, i.e. nicely lined up for arguments related to Dirac-compression. One is then interested in the asymptotics of t → m v,η (exp(tX)x) for appropriately compactly supported v. The main technical result of this paper is a generalization of (1.3) in terms of natural geometric data related to h x,X , see Theorem 5.1 and Corollary 5.3. As above it leads to a variant of (1.4) in Corollary 6.2 and the final conclusion is derived via our Weyl group techniques from Section 7.
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Notions and Generalities
We write N = {1, 2, 3 . . .} for the set of natural numbers and put N 0 := N ∪ {0}. For a real vector space V we write
If L is a real reductive Lie group, then we denote by L n the normal subgroup generated by all unipotent elements of L, or, phrased equivalently, L n is the connected subgroup with Lie algebra equal to the direct sum of all non-compact simple ideals of l.
Let G be an open subgroup of the real points G(R) of a reductive algebraic group G defined over R. Let H be an algebraic subgroup of G defined over R and let H be an open subgroup of H(R) ∩ G. Define the homogeneous space Z := G/H. We assume that Z is unimodular, i.e., carries a G-invariant positive Radon measure. Let z 0 := e · H ∈ Z be the standard base point.
Let P ⊆ G be a minimal parabolic subgroup. We assume that Z is real spherical, that is, the action of P on Z admits an open orbit. After replacing P by a conjugate we will assume that P ·z 0 is open in Z. The local structure theorem (see [20] ) asserts the existence of a parabolic subgroup Q ⊇ P with Levi-decomposition Q = L ⋉ U such that:
Iwasawa-decomposition of L and set A H := A ∩ H and A Z := A/A H . We note that A H is connected. The number rank R Z := dim A Z is an invariant of Z and referred to as the real rank of Z.
We inflate K L to a maximal compact subgroup K ⊆ G and set M := Z K (a). We denote by θ the Cartan involution on g defined by K and set u := θ(u). We may and will assume that A ⊆ P . Let P = MAN be the corresponding Langlands decomposition of P and define n := θ(n).
2.1.
Spherical roots and the compression cone. Let Σ = Σ(g, a) be the restricted root system for the pair (g, a) and
⊥ l the graph of T . Set Σ u := Σ(u, a) ⊆ Σ. For α ∈ Σ u and β ∈ Σ u ∪{0} we denote by T α,β : g −α → g β the map obtained by restriction of T to g −α and projection to g β . Then
Let M ⊆ a * \{0} be the additive semi-group generated by
We recall from [17] , Cor. 12.5 and Cor. 10.9 , that the cone generated by M is simplicial. We fix a set of generators S of this cone with the property M ⊆ N 0 [S] and refer to S as a set of (real) spherical roots. Note that all elements of M vanish on a H so that we can view M and S as subsets of a * Z . We define the compression cone by
For an a-fixed subspace s of g, we define
We write ρ P for ρ(p) and ρ Q for ρ(q). Recall that the unimodularity of Z implies that ρ Q | a H = 0, see [23, Lemma 4.2] . Let Π ⊆ Σ + be the set of simple roots. We let a ± := {X ∈ a | (∀α ∈ Π) ±α(X) ≥ 0} and write a −− for the interior (Weyl chamber) of a − . We write p : a → a Z for the projection and set a E := p −1 (a Z,E ) and A E = exp(a E ). Set H = HA E and note that H normalizes H. Obviously H is real spherical as well. Finally, we define Z := G/ H.
2.2.
The normalizer of a real spherical subalgebra. (
Proof. For (i) see [22, (5.10) ]. Lemma 4.1 in [20] implies (ii). Finally, (iii) follows from (i).
3. Twisted discrete series as quotients of principal series 3.1. The spherical subrepresentation theorem. For a Harish-Chandra module V , we denote by V ∞ the unique smooth moderate growth Fréchet globalization and by
For a Harish-Chandra module V we denote by V its contragredient or dual HarishChandra module, that is, V consist of the K-finite vectors in the algebraic dual V * of V . Further we denote by V the conjugate Harish-Chandra module, that is, V = V as R-vector space but with the conjugate complex multiplication. We recall that V = V in case V is unitarizable. In particular if (V, η) is a spherical pair with V unitarizable, then so is (V , η) with η(v) := η(v).
Associated to η ∈ (V −∞ ) H and v ∈ V ∞ we find the generalized matrix coefficient
which defines a smooth function on Z. If v ∈ V then m v,η admits a convergent power series expansion (cf. [21] , Sect. 6):
Here E ⊆ a * Z,C is a finite set of leading exponents only depending on (V, η); the term "leading" refers to the following relation: for all µ, µ 
Proof. This is implicitly contained in [27] , Section 4. We confine ourselves with a sketch of the argument.
Recall d µ and fix a basis
where c 
is trivial. We may thus extend
The assertion now follows from Frobenius reciprocity.
3.2.
Discrete series and twisted discrete series.
Z,E,C we define the space of functions
Let ∆ Z be the modular function of Z. By [21, Lemma 8.4] we have
factors to a smooth density on Z, and the bilinear form
is an inner product. We write L 2 ( Z; χ) for the Hilbert completion of C c ( Z; χ) with respect to this inner product. Note that the inner product is invariant under the left regular action of G and thus L 2 ( Z; χ) equipped with the left-regular representation is a unitary representation of G.
is normalized unitary, then we say that the spherical pair (V, η) belongs to the χ-twisted discrete series for
Furthermore, we say that (V, η) belongs to the twisted discrete series for Z if (V, η) belongs to the χ-twisted discrete series for some normalized unitary χ. Finally we say that (V, η) belongs to the discrete series for Z provided that V is irreducible and
Lemma 3.3. If there exits a spherical pair (V, η) belonging to the discrete series for Z, then H = H = HA E . Hence h/h = 0 and therefore the discrete series for Z coincide with the 0-twisted discrete series for Z.
Proof. Let (V, η) be a spherical pair belonging to the discrete series for Z. The right-action of A E commutes with the left-action of G on L 2 (Z), and thus induces a natural action of A E on (V −∞ ) H . By [25] and [28] the space (V −∞ ) H is finite dimensional. We may therefore assume that η is a joint-eigenvector for the rightaction of A E , i.e., the generalized matrix coefficients of V satisfy normalized,
Clearly the last repeated integral can only be absolutely convergent if A E /(A ∩ H) has finite volume, or equivalently if
We recall from Section 8 in [21] that (V, η) belongs to the twisted discrete series for Z only if the conditions
hold for all leading exponents µ. Moreover,
3.3. Quotient morphisms. It is technically easier to work with representations induced from the minimal parabolic P . Set ρ Q P = ρ P − ρ Q and observe that there is a natural inclusion
, where we allowed ourselves to write σ for σ| M .
For general Ind G P (λ⊗σ) we record that its dual representation is given by Ind
The natural pairing between these two representations is given as follows in the non-compact picture:
. Let now (V, η) be an irreducible spherical pair belonging to the twisted discrete series. Then µ is a leading exponent for the dual pair (V , η). By applying (3.6) to V we embed V ֒→ Ind
Dualizing this inclusion we obtain the quotient morphism
In view of the P × H-geometry of G it is a bit inconvenient to work with representations induced from the left by the opposite parabolic P . We can correct this by employing the long Weyl group element w 0 ∈ W = W (g, a), which maps P to P . This gives us for every λ ∈ a * C and σ ∈ M an isomorphism (3.8) Ind
With proper choices of λ and σ we obtain from (3.8) and (3.7) a quotient morphism of Ind
We write now π λ,σ for Ind G P (λ ⊗ σ) and record that functions v ∈ π λ,σ feature the transformation property
To summarize our discussion so far:
Lemma 3.4. Let (V, η) be a twisted discrete series representation for Z and µ ∈ a * C a leading exponent. Then there exists a σ ∈ M and a surjective quotient morphism
We write π ∞ λ,σ for the smooth Fréchet globalization of moderate growth. In the sequel we will model π ∞ λ,σ on all smooth functions which satisfy (3.9).
Generalized volume growth

Limiting subalgebras. Define order-regular elements in
Let C be a connected component of a
Note that if E is a subspace of g and X, Y ∈ C, then e t ad(X) E and e t ad(Y ) E converge for t → ∞ in the Grassmannian to the same subspace. In particular the limit
only depends on C, not on the particular choice of X ∈ C. Note also that the limit is stable under the adjoint action of a and that it is a Lie subalgebra if E is a Lie subalgebra.
Proof. Ad (i):
Let X ∈ a −− . Let p n , p m and p a be the projections onto n, m and a, respectively, with respect to the decomposition
Therefore,
The latter space does not depend on X.
Ad (ii):
For α ∈ Σ ∪ {0}, let p α be the projection onto g α with respect to the root space decomposition of g. Then
The right-hand side is equal to E C .
Let x ∈ G and let C be a connected component of a
We define the following spaces. First set
Observe that
We define a x := h C,x ∩ a . In view of Lemma 4.1(i) this space does not depend on C. Note that (4.2) implies that a x only depends on the double coset P xH ∈ P \G/H, not on the representative x ∈ G for that coset. We further define the a-stable subalgebras
Since h C,x is a-stable, it follows that
h . Finally we choose n x C and u x C to be a-stable complementary subspaces to n C,x in n and u C,x in n, respectively, so that
is not equal to g, then the same holds for (Ad(ax)h + p) + n x C for every a ∈ A. But this would contradict (4.3). Therefore g = (Ad(x)h + p) + n
. This proves the lemma.
Volume-weights. We recall the volume-weight function on
where B is some compact neighborhood of e in G. We refer to Appendix A for the properties of volume-weights. The volume weight naturally shows up in the treatment of twisted discrete series representations.
The following proposition is a direct corollary of the invariant Sobolev lemma in Appendix A. Proposition 4.3. Let (V, η) be a spherical pair corresponding to a twisted discrete series representation. Then
Moreover, if (z n ) n∈N is a sequence in Z such that its image in Z tends to infinity, then
The basic asymptotic behavior of v on the compression cone is
We investigate now the growth of v with the base point z 0 shifted by an element x ∈ G, i.e., we investigate how v(ax · z 0 ) grows for a ∈ A − . Recall the parabolic subgroup Q = LU from (2.1). For x = e, we have h C,e = (l ∩ h) ⊕ u, and thus ρ(h C,e ) = −ρ Q .
Hence the following proposition is a partial generalization of the lower bound in (4.6) for shifted base points.
Proof. Set N x = exp(n x C ) and observe that N x is an affine subvariety of N. Define an affine subvariety of N by U x := exp(u x C ). Let a x be the orthogonal complement of a x in a and set A x := exp(a x ). Further let X 1 , . . . , X k be a rational basis of a subspace in m which is complementary to a
For t ∈ R define a t := exp(tX) and consider the algebraic map
We have
Note that if Ad(ax)h is not transversal to u
RX j for some a ∈ A, then also the limit h C,x is not transversal. We thus conclude that for every a ∈ A
In particular this holds for a = a t . This implies that the maps Φ t are generically dominant and as such have generically finite fibers, with a fiber bound independent of generic t. 
Note that for y ∈ G
Therefore there exists a constant c > 0 such that
For the equality we used the invariance of the Haar measure on G.
Note that the fibers of Ψ t are finite with fiber bound independent of t for t ≫ 0. Let ω G be the section of dim G T * G corresponding to the Haar measure on G. Then
where k is the fiber bound of Ψ t . We finish the proof by estimating Ψ * t ω G . For g ∈ G, let l g : G → G and r g : G → G be left and right-multiplication by g, respectively. Then for ξ ∈ Ξ, y ∈ xH B x −1 , Y 1 ∈ T ξ Ξ and Y 2 ∈ T y (xHx −1 ) the tangent map of Ψ t is determined by
We write h X,x for the limit for t → ∞ of Ad(a t ) Ad(x)h in the Grassmannian. Let Y be a non-zero eigenvector of ad(X) in h X,x and let α ∈ Σ ∪ {0} be such that α(X) is the eigenvalue. Let Y be a right-invariant vector field on xHx −1 such that
The convergence is locally uniform in (ξ, y).
The lemma now follows from the facts that Ξ and xH B x −1 are relatively compact and that ρ(h C,x )(X) = ρ X,x .
Escaping to infinity on Z. Recall
Proof. Set a t := exp(tX). We argue by contradiction and assume that {a t x H | t ≥ 0} is relatively compact in Z. Then there exists a compact set C ⊆ G such that
With d := dim h we notice that the natural map
is continuous and thus (4.7) implies that there exists a c ∈ C such that h 1 = Ad(cx) h. Since Ad(a t ) h 1 = h 1 for all t ∈ R we thus obtain that Ad(c −1 a t cx) h = Ad(x) h and in particular Ad(c)
−−
o−reg such that X ∈ C and let Y ∈ C. We now apply Ad exp(tY ) to both sides of (4.8) and obtain in the limit for t → ∞ that X ∈ h C,x + m C,cx .
Here m C,cx is the limit of Ad exp(tY ) Ad(cx) m and we used that
The second equality follows from Lemma 4.1(ii). Notice that m C,cx normalizes h C,x and is a-invariant. Since Ad(cx) m is compact we deduce that h C,x + m C,cx ∩ a = h C,x ∩ a = a E x and thus X ∈ a E x , which is the desired contradiction.
Principal asymptotics
In this section we analyze the asymptotic behavior of generalized matrix coefficients m v,η where η ∈ (π −∞ λ,σ )
H . Before we state the main theorem, we introduce some notation.
Let σ ∈ M and λ ∈ a * C . We identify π ∞ λ,σ with the space of smooth sections of the vector-bundle
C and x ∈ G we may define χ x ∈ (a E x ) * C to be given by the singleton
Note that χ x ax = 0 and that χ x only depends on the H-orbit P \P xH, not on the representative x ∈ G of the orbit. 
Here the limit is with respect to weak- * topology on π
Remark 5.2. For every non-zero H-invariant functional η ∈ π −∞ λ,σ there exist an x ∈ G and an open neighborhood Υ of [x] in P \G such that (5.2) holds. Indeed, let O 0 be an H-orbit in supp(η) of maximal dimension and let x ∈ O 0 . The action of H on P \G admits finitely many orbits. (See [4] and [27] .) Since H is a real algebraic group, and P \G is a real algebraic variety, and the action of H on P \G is real algebraic, the closure of any H-orbit O in P \G consists of O and H-orbits of strictly smaller dimension. See [14, Proposition 8.3] . Therefore,
is an open neighborhood of [x] and supp(η) ∩ Υ = O 0 .
Before we prove the theorem we list some direct implications, which will be crucial in the following sections. 
(ii) There exists a ω ∈ −N 0 [Π] such that 
Here χ x is given by (5.1).
Proof. Ad (i):
The functional η X,x is non-zero, hence there exists a v ∈ π ∞ λ,σ (Ω) for which η X,x (v) = 1. The claim now follows from (5.3).
Ad (iii):
Since a E x = h C,x ∩ a, the identity follows from (5.5) and (5.7).
Ad (ii):
The identity follows from (iii) since χ x ax = 0.
In the remainder of this section we give the proof of Theorem 5.1.
We fix an element x ∈ G and a connected component C of a
Note that for such a map ψ
It follows from the inverse function theorem that for sufficiently small convex neighborhoods V 1 of 0 in n C,x and V 2 of 0 in n x C , the map Φ : 
C is stable under the adjoint action of A, it follows that
For α ∈ Σ ∪ {0} let p α be the projection onto g α with respect to the root space decomposition. Here g 0 = m ⊕ a. Let α, β ∈ Σ ∪ {0}. It follows from (5.8) that p β • ψ • p α = 0 implies that α(X 0 ) − β(X 0 ) > 0. Since this holds for every X 0 ∈ C, it follows that ψ = α,β∈Σ∪{0}
The first claim in the lemma now follows with
If X ∈ C then the sum in (5.9) is over the empty set, and hence ψ X = 0.
We view π ∞ −λ,σ ∨ and C ∞ (V 1 ×V 2 , V σ ) as spaces of smooth sections of vector-bundles and write Φ * for the pull-back along Φ, i.e., Φ * is the map π
This map has a continuous extension to a map Φ
which we also denote by Φ * . We note that there exists a strictly positive smooth function
for every ϕ ∈ π −∞ λ,σ and φ ∈ π ∞ λ,σ with supp φ ⊆ Φ(V 1 × V 2 ). Let n = dim(V 2 ) and let e 1 , . . . , e n a basis of n x C of joint eigenvectors for the action of ad(a). We write ∂ i for the partial derivative in the direction e i , and whenever µ is an n-dimensional multi-index we write ∂ µ for ∂
From the condition (5.2) on the support of η it follows that the support of Φ * η is contained in V 1 × {0}. It follows from [35, p. 102 ] that there exist a minimal k ∈ N and for every multi-index µ with |µ| ≤ k a V * σ -valued distribution η µ on V 1 such that
Here δ is the Dirac delta distribution at 0 on n x C . Note that this decomposition of Φ * η is unique.
Lemma 5.5. Proof. We partially follow the analysis of Bruhat as it is described in [39, Section 5.2.3]. For h ∈ H we write U h = Φ −1 Φ(V 1 × V 2 )h −1 and define the real analytic map
Note that ρ h maps U h ∩ (V 1 × {0}) to V 1 × {0}. We further write
and we define the map ξ h :
For all multi-indices µ and ν with |µ|, |ν| ≤ k there exists a real analytic function
(The domain of definition of λ µ,ν is equal to the inverse image of Φ(V 1 , V 2 ) under the smooth map V 1 × H → P \G; (v, h) → Φ(v, 0)h −1 , and hence it is open.) Note that pulling back along ρ h does not increase the order of the transversal derivatives, hence λ ν,µ = 0 whenever |ν| > |µ|. We apply this identity to (5.11) and obtain
Since η is an H-invariant functional we have ρ * h (Φ * η) = Φ * η on U h . Together with the uniqueness of the decomposition (5.11) this implies for each µ that
We now apply the pull-back along ξ h to this identity with h replaced by h −1 and thus obtain
Here we used that ξ
) and let S be the set of multi-indices µ ∈ N n 0 with |µ| ≤ k. We write p µ for the projection of (V * σ )
S onto the µ th component and define ζ to be the (V * σ )
S -valued distribution on V 1 which for a multi-index µ is given by
We will finish the proof of the lemma by invoking the elliptic regularity theorem to show that ζ is locally given by a real analytic (V * σ )
S -valued function. To this end, let D be a real analytic elliptic differential operator of order d > 0 on the trivial vector bundle
(Such differential operators exist, e.g. ∆ ⊗ 1 where ∆ is the Laplacian on V 1 and 1 the identity operator on (V * σ )
S .) Let u 1 , . . . , u l be a basis of U d (h). Since H acts transitively on P \P xH, there exist real analytic functions c j : By (5.12) we have for every µ of length |µ| = k
Let Y 1 ∈ V 1 be such that f ν (Y 1 ) = 0 for all ν of length |ν| = k, then the right-hand side vanishes at the point Y 1 for all h ∈ H such that Y 1 ∈ U h,1 . This implies that the left-hand side vanishes on an open neighborhood of Y 1 . Since the f µ are analytic, it follows that all f µ for µ of length |µ| = k vanish on V 1 . Assertion (ii) now follows from the definition of k.
Proof of Theorem 5.1. Let Φ be as before.
There exists an open neighborhood V n of 0 in n such that Φ(V 1 × V 2 ) = P exp(V n )x . From this it is easily seen that there exist open neighborhoods U 1 and U 2 of 0 in V 1 and V 2 respectively so that
for every a ∈ A − = exp(a − ). We define Ω : 
By the Leibniz rule the integrand on the right-hand side is equal to
.
Note that the Jacobian J is a real analytic function. By Lemma 5.5(i) also the functions f µ are real analytic. Let ǫ 1 , . . . , ǫ m be a basis of n C,x consisting of joint eigenvectors for the action of ad(a) on n C,x . For a multi-index κ and Y ∈ n C,x define Y κ ∈ R in the usual manner with respect to the basis ǫ 1 , . . . , ǫ m . By shrinking U 1 we may assume that J and the f µ are equal to their Taylor series. Let
be the Taylor expansion of the function on the left-hand side. Here for every multiindex κ the coefficient c κ µ,ν is an element of V * σ . We apply Lebesgue's dominated convergence theorem to interchange the integral and the series, and obtain
for every Y 2 ∈ n x C and Y ∈ g. Recall that e 1 , . . . , e n is a basis of n x C consisting of joint eigenvectors for the action of ad(a) on n x C . For a multi-index ν, let ω 2,ν ∈ −N 0 [Π] be the a-weight of e ν 1 1 · · · e νn n ∈ U(n), where U(n) denotes the universal enveloping algebra of n. Then
We thus see that
For a multi-index κ, let ω 1,κ ∈ −N 0 [Π] be the a-weight of ǫ
We now perform a substitution of variables and obtain that
Now let X ∈ C and let a t = exp(tX). Let ψ X be as in Lemma 5.4. Since v is compactly supported, we have by Lebesgue's dominated convergence theorem
Let Ξ be the set of pairs of multi-indices (ν, κ) such that 
The above computation shows that (5.3) holds with r X given by (5.13) and
We claim that the functionals η ν,κ X are linearly independent. Note that this implies that η X,x is non-zero. To prove the claim, let S be a finite subset of Ξ and let (ν 0 , κ 0 ) ∈ S. We will show that there exists a v ∈ π 
. We now take v to be the element of π
We assume that v σ , φ 1 and φ 2 satisfy for all (ν, κ) ∈ S (a)
Under these assumptions we have η For every v ∈ π ∞ λ,σ we have
Here the limit is taken with respect to the weak- * topology. Note that the limit is equal to π
For X ∈ C, we have ψ X = 0 by Lemma 5.4. Let N C,x be the connected subgroup of G with Lie algebra n C,x and let dn denote the Haar measure on N C,x . Then the expression (5.14) for η ν,κ X simplifies to
Since n C,x ⊆ h C,x , it follows from (5.4) that π ∨ λ,σ (n C,x )η X,x = {0}. Therefore, only terms with κ = 0 can contribute to η X,x in (5.15). In particular it follows that (ν, κ) ∈ Ξ X implies that κ = 0. Moreover, r X in (5.13) is equal to ω 2,µ 0 (X) for some multi-index µ 0 with the property that f µ 0 (0) = 0 and f µ (0) = 0 for every µ > µ 0 . Let ω := ω 2,µ 0 ∈ −N 0 [Π]. Then Ξ X consists of pairs (ν, 0) with ν of maximal length and ω 2,ν (X) = ω(X). The formula for η X,x simplifies further to (5.16) 
Moreover, it follows from (5.6) that it also converges to −χ(Y ′ )η X,x for t → ∞. Here again the limits are taken with respect to the weak- * topology. It thus follows that
Integrality and negativity conditions
We recall that for α ∈ Σ the coroot α ∨ is defined as
For a connected component C of a
−−
o−reg and x ∈ G, define l C,x := h C,x ∩ θh C,x . Note that l C,x is a reductive a-stable subalgebra of h C,x and l C,x ∩ a = a x . Moreover, it follows from (4.2) that l C,manxh = Ad(m)l C,x for m ∈ M, a ∈ A, n ∈ N and h ∈ H. For λ ∈ a * C we set Σ(λ) := {α ∈ Σ|λ(α ∨ ) ∈ Z} . (
(ii) Let χ ∈ ( h/h) * C be normalized unitary. If (V, η) belongs to the χ-twisted discrete series, then
Proof. Assertion (i) is immediate from Corollary 5.3(ii) for any choice of C. We move on to (ii). By (3.2) we have
We thus see that Re χ(Y
Note that the eigenvalues of ad(Y ′ ) are in contained in ZΠ(Y ), hence
Since (V, η) is χ-twisted, assertion (ii) now follows from Corollary 5.3(iii) for any choice of C. Assertion (iii) is a consequence of (i) since l C,x ∩ a = a x and hence α ∨ ∈ a x for all α ∈ Σ(a, l C,x ).
Moving on to (iv) we first observe that if (V, η) is a spherical pair of the twisted discrete series and π λ,σ ։ V , then Corollary 5.3 (i) combined with the bound (4.4) and Proposition 4.4 results for X ∈ C ⊆ a − in the inequality
for all X ∈ −C. If X ∈ −C \a E x , then instead of (4.4) we may use (4.5) in conjunction with Proposition 4.5 and conclude that in that case the inequality is strict.
Let v C,x be an a-stable complement of l C,x in h C,x . Note that
Since v C,x ∩ θ(v C,x ) = 0, it follows that
Now (iv) follows from (6.1).
Corollary 6.2.
There exists a finite set S χ of pairs (b, ν), where b is a subspace of a and ν ∈ b * , with the following property. If (V, η) is a spherical pair belonging to the χ-twisted discrete series of representations, and there is a quotient π λ,σ ։ V , then there exists an ω ∈ span R Σ(λ) and a pair (b, ν) ∈ S χ such that
(ii) If (V, η) is a spherical pair belonging to the discrete series of representations, and there is a quotient π λ,σ ։ V , then there exists an ω ∈ span R Σ(λ) and a subspace b of a such that
Proof. Ad (i):
Let S χ be the set of pairs (a E x , χ x ) where x runs over a set of representatives in G of H-orbits in P \G. Consider η as an H-fixed element of π −∞ λ,σ . Then there exists an H-orbit in P \G so that the support condition (5.2) is satisfied. See Remark 5.2. Let x ∈ G be the representative of the orbit. The assertions now follow from (ii), (iii) and (iv) in Lemma 6.1 with ω = C 2ρ(l C,x ∩ n), b = a E x and ν = Im χ x . Ad (ii): If V belongs to a discrete series representation, then h = h by Lemma 3.3, and therefore a E x = a x . We set b = a x and use (i) in Lemma 6.1 instead of (ii).
Negativity versus integrality in root systems
In this section we develop some general theory which is independent of the results in previous sections. 7.1. Equivalence relations. Let Σ be a (possibly non-reduced) root system spanning the Euclidean space a * . We denote by W the corresponding Weyl group. Let Π ⊆ Σ be a basis, Σ + the corresponding positive system and C ⊆ a = (a * ) * be the closure of the corresponding positive Weyl chamber, i.e.
Further we use the notation C × = C\{0}. We define an equivalence relation on a * C by λ ∼ µ provided that µ is obtained from λ via a sequence
where for all i:
The equivalence class of λ is denoted by [λ] .
A root subsystem Σ 0 of the root system Σ is a subset of Σ that satisfies:
(a) Σ 0 is a root system in the subspace it spans, (b) if α, β are in Σ 0 , and γ = α + β ∈ Σ, then γ ∈ Σ 0 .
A root subsystem Σ 0 ⊆ Σ has a unique system of positive roots Σ 0,+ contained in Σ + . Let us denote by (·, ·) the Euclidean structure on a * . For α ∈ a * \{0} we define
∈ (a * ) * = a. If α ∈ Σ then we call α ∨ the co-root of α and Σ ∨ := {α ∨ | α ∈ Σ} is a root system on a, called the dual root system. Given now λ ∈ a * C we define Σ(λ)
Clearly Σ(λ) ∨ is a root subsystem of Σ ∨ , but observe that Σ(λ) might not be a root subsystem of Σ.
Next we define an equivalence relation on W by u ∼ λ v provided that uC and vC are connected by a gallery of chambers (uC = C 0 , C 1 , ..., C l = vC) such that for each i, C i and C i+1 are separated by H β i with β i ∈ Σ\Σ(λ) an indivisible root for each i.
Let Σ(λ) + be the positive system Σ(λ) ∩ Σ + of Σ(λ). We denote the closure of the corresponding positive Weyl chamber by C(λ) ⊆ a. Moving on to (ii), let λ = µ 0 , µ 1 , . . . , µ l = µ be a sequence connecting λ and µ = wλ such that µ i+1 = s i (µ i ), with s i a reflection in a simple root α i , and µ i (α ∨ i ) ∈ Z for all i. Let w 0 = e and w i+1 = s i w i . Furthermore, let β i = w −1 i (α i ), so that w i+1 = w i s β i . Then β i is an indivisible root and
that is, β i ∈ Σ\Σ(λ). We may assume that w l = w. Therefore, the gallery
yields an equivalence w −1 ∼ λ e. The converse is also true. If the gallery (C 0 = C, C 1 , . . . , C l = w −1 (C)) defines an equivalence e ∼ λ w −1 , then C i+1 = s β i (C i ) with β i ∈ Σ\Σ(λ) an indivisible root for all i. Let w i ∈ W so that C i = w −1 i C, and µ i := w i (λ). Since H β i is a common face of C i and C i+1 (by definition of gallery), we have s β i w
This implies that λ and w(λ) are equivalent and finishes the proof of (ii).
7.2.
Integral-negative parameters. Let us call λ ∈ a * C weakly integral-negative provided that there exists a ω λ ∈ span R (Σ(λ)) and a subspace a λ ⊆ a such that
Further, we call λ ∈ a * C integral-negative provided that there exists a ω λ ∈ span R (Σ(λ)) and a subspace a λ ⊆ a such that
Finally, we call λ ∈ a * C strictly integral-negative if there exists a ω λ ∈ span R (Σ(λ)) such that (Re λ − ω λ ) C\{0} < 0 .
Remark 7.2. These definitions are motivated by our results from the previous section. Let a ⊆ g and Σ(g, a) be as introduced in Section 2, and let Σ + be the positive system determined by the minimal parabolic subgroup P . Let (V, η) be a spherical pair and assume that there exists a quotient morphism π λ,σ ։ V for some λ ∈ a * C and σ ∈ M . Then from Corollary 6.2 we derive the following. (i) 2λ is weakly integral-negative if V belongs to the twisted discrete series for Z.
In fact we may take a λ and ω λ to be equal to b and ω as in Corollary 6.2(i). (ii) λ is integral-negative if V belongs to the discrete series for Z. Remark 7.3. Sometimes more is true for parameters of the discrete series and λ is actually strictly integral-negative. This for example happens in the group case
Let us define the edge of λ by e := e(λ) := {X ∈ a | (∀α ∈ Σ(λ)) α(X) = 0} .
Notice the orthogonal decomposition Proof. We start with (i). Let µ ∈ [λ], that is µ = wλ for some w ∈ W with w −1 ∼ λ e by Lemma 7.1(ii). Since µ is weakly integral-negative there exists a subspace a µ of a and an ω µ ∈ span R Σ(µ) such that (Re µ − ω µ ) C\aµ < 0 and (Re µ − ω µ ) C ≤ 0. The latter conditions are equivalent to (Re λ − w −1 ω µ ) w −1 C\w −1 aµ < 0 and
By Lemma 7.1(i) we have C(λ) = w −1 ∼ λ e w −1 C, and thus
Recall that e is the intersection of all faces of C(λ). Since e\ w −1 ∼ λ e w −1 a wλ is invariant under multiplication by −1, it follows that e ⊆ w −1 ∼ λ e w −1 a wλ . Hence e ⊆ w −1 a wλ for some w ∈ W with w −1 ∼ λ e. Since wΣ(λ) ∨ = Σ(wλ) ∨ , we have w −1 ω wλ ∈ span R Σ(λ) . It follows that f e = 0 and thus Re λ e = 0. We call a root subsystem Σ ′ of Σ parabolic if Σ ′ is the intersection of Σ with a subspace. Let Σ P (λ) ⊆ Σ be the parabolic closure of Σ(λ) ⊆ Σ, i.e., the smallest parabolic root subsystem of Σ containing Σ(λ). Then Σ P (λ) = e ⊥ ∩ Σ, and Σ(λ)
∨ is a root subsystem of maximal rank of the corresponding dual parabolic subsystem Σ P (λ)
∨ of Σ ∨ . By the above, Re(λ) ∈ e ⊥ , and by definition of Σ(λ), Re(λ) is a weight of Σ(λ).
Let N be the index of the root lattice of Σ P (λ) in the weight lattice of Σ(λ) (which is a lattice containing the weight lattice of Σ P (λ)). Then N Re(λ) is in the root lattice of Σ P (λ) and thus, a fortiori, in the root lattice of Σ. In particular, N Re(λ) is integral for Σ (i.e., as a functional on Σ ∨ ).
Since there are only finitely many root subsystems of maximal rank in any given root system, and only finitely many parabolic root subsystems, we see that we can choose the bound N ∈ N independent of λ (only depending on Σ). This completes the proof of (i).
We move on to (ii). From (i) it follows that there exists a w ∈ W with w −1 ∼ λ e such that e ⊆ w −1 a wλ . Now λ(e) ⊆ λ(w −1 a wλ ) = wλ(a wλ ) ⊆ R. It follows that λ e is real and thus λ e = 0 by (i). It then follows from (7.1) that λ = Re λ.
Finally for (iii) we observe that [λ] being strictly integral-negative implies, as above, Re λ(X) < f (X) for all X ∈ C(λ) \ {0} and therefore Re λ e × < 0. The latter forces e × = ∅, i.e., e = {0}. 
The following corollary is particularly relevant for the group case Z = G × G/G. See Remark 7.3. 
Note that
is finite as there are only finitely many full rank subsystems of Σ ∨ . Therefore, N Σ is an upper bound for the indices N(Σ(λ)) which only depends on Σ.
Remark 7.6. Full rank subsystems can be described by repeated applications of the "Borel-de Siebenthal" theorem. That is: The maximal such subsystems are obtained by removing a node from the affine extended root system (and we can repeat this procedure to obtain the non maximal cases).
In type A n , there are no proper subsystems of this type, since the affine extension is a cycle, so removing a node will again yield A n . Hence if Σ is of type A n , then the condition that [λ] consists of strictly integral-negative parameters implies that [λ] = {λ}, and λ is integral on all coroots.
Integrality properties of leading exponents of twisted discrete series
For every α ∈ Π and λ ∈ a * C we set λ α := s α (λ) and σ α := σ • s α . Further we let I α (λ) : π 
is meromorphic. In the appendix we prove: Proof. If α ∈ Π and α ∈ Σ(2Nλ), then I α (λ) is an isomorphism by Lemma 8.1. Therefore the composition of I α (λ) with the quotient morphism π λ,σ ։ V gives a quotient morphism π λα,σα ։ V . It then follows from Remark 7.2(i) that 2λ α and thus also 2Nλ α is weakly integral-negative. By repeating this argument we obtain that the equivalence class [2Nλ] consists of weakly integral-negative elements. If (V, η) belongs to the discrete series, then we use (ii) in Remark 7.2 instead of (i).
Recall the set of spherical roots S ⊆ a * Z and recall that
be normalized unitary and let µ ∈ a * Z be a leading exponent of a χ-twisted discrete series representation (V, η). Then we know from (3.3), (3.4), and (3.5) that we may expand µ as
Theorem 8.3. Let Z = G/H be a unimodular real spherical space. There exists an N ∈ N and for every normalized unitary χ ∈ ( h/h) * C a finite set Y χ ⊆ a * with the following property. Let (V, η) be a spherical pair corresponding to a χ-twisted discrete series representation and let µ be any leading exponent of (V, η), which we expand as µ = ρ Q + α∈S c α α + iν as in (8.1) . Then the following hold.
(ii) If in addition (V, η) belongs to the discrete series, then ν = 0, i.e., µ ∈ a * Z . In particular, the infinitesimal character of V is real.
Proof. We let λ := w 0 µ + ρ P and recall from Lemma 3.4 that there exists a σ ∈ M such that π λ,σ ։ V . By Corollary 8.2 there exists a constant N(G) ∈ N, depending only on G, such that the equivalence class [2N(G)λ] consists of weakly integralnegative elements. By Theorem 7.4 (i) there exists an N ′ ∈ N, only depending on G, such that
This implies that Re λ ∈ 1 N ′′ Z(Π) for some N ′′ ∈ N depending only on G. Since the spherical roots are integral linear combinations of simple roots, it follows that there exists a N ∈ N (only depending on Z) such that c α ∈ 1 N N. Moreover, it follows from Corollary 6.2(i) and Theorem 7.4(i) (cf. Remark 7.2) that the imaginary part of λ is contained in a finite subset of a * depending only on χ. This proves (i). For the second assertion we use (ii) in Theorem 7.4 instead of (i). The infinitesimal character of V is equal to the infinitesimal character of π λ,σ , which is real since λ is real. Set c := a + it and note that c C is a Cartan subalgebra of g C . We inflate Σ + = Σ + (g, a) to a positive system Σ + (g C , c) and write ρ B for the corresponding half sum. Observe that ρ B = ρ P + ρ M ∈ c * . We identify σ with its highest weight in it * and write · 2 for the quadratic form on c C obtained from the Cartan-Killing form. Let C g be the Casimir element of g. Note that C g acts on π λ,σ with λ ∈ a * C as the scalar
Let t k ⊇ t be a Cartan subalgebra of k and ρ k ∈ it * k be the Weyl half sum with respect to a fixed positive system of Σ(k C , t k ) ⊆ it k * . As before we identify τ ∈ K with its highest weight in it * k . We write · 2 k for the quadratic form on t k,C obtained from the Cartan-Killing form. Further we let C k denote the Casimir element of k. The element ∆ := C g + 2C k is a Laplace element and thus ∆v, v ≤ 0 for all K-finite vectors in a unitarizable Harish-Chandra module V .
Let now V be a χ-twisted discrete series representation and π λ,σ ։ V a quotient morphism. For 0 = v ∈ V [τ ] we obtain
This forces
and in particular
Re λ is discrete and Im λ is contained in a finite set that only depends on Z. The assertion now follows from the fact that the map X from (1.1) has finite fibers.
Appendix A: Invariant Sobolev Lemma
The aim of this appendix is an invariant Sobolev lemma for functions on Z that transform under the right action of A Z,E by a unitary character.
Recall that a weight on Z is a locally bounded function w : Z → R >0 with the property that for every compact subset Ω ⊆ G there exists a constant C > 0 such that
Further recall that there is a natural identification between the space of smooth densities on Z and the space of functions
where ∆ Z is the modular character
See Sections 8.1 and 8.2 in [21] . Note that smooth functions f : G → C satisfying
for some ν ∈ a * Z,E , are in the same way identified with smooth half-densities on Z. Let B be a ball in G, i.e., a compact neighborhood of e in G. Recall that the corresponding volume-weight v B is defined by For the proof of the invariant Sobolev lemma we need the following lemma. Proof of Lemma A.1. We will prove that there exists a constant C > 0 such that for every non-negative smooth density φ on Z and every x ∈ G (A.1)
On the left-hand side φ is considered as a function on G that transforms under the right-action of H with the modular character. The lemma then follows from (A.1) and the local Sobolev lemma at e ∈ G, applied to f ( · z) as a function on G. For a measurable function χ : Z → R ≥0 , let ψ χ : G → R ≥0 be such that
Then for every a ∈ A Z,E we have
Since det Ad(a) h = a −2ρ Q , and by the invariance of the Haar measure the lefthand side is independent of a, it follows that Z χ(z · a) dz = a We may apply this to χ = 1 Bz and obtain v( · a) = a −2ρ Q v (a ∈ A Z,E ) .
We conclude that Let Ω be a compact subset of G. Let B ′ = {g −1 bg : g ∈ Ω, b ∈ B}. Then
From (A.2) it follows that there exits a c > 0 such that
We thus see that w B is a weight. We claim that there exists a c 1 > 0 such that for every z ∈ Z (A.3) w B ( z) > c 1 .
Since w B is a weight, it suffices to show that inf a 0 ∈A − Z ,w 0 ∈W w B (a 0 w 0 · z 0 ) > 0 to prove this claim. It follows from the inequality (3.6) in [26] and Lemma A. The claim (A.3) now follows as the right-hand side is independent of a 0 and strictly positive.
Let φ be a non-negative smooth density on Z and let x ∈ G. To prove (A.1) we may assume that supp φ ⊆ Bx H and that B This implies (A.1) as by assumption supp φ ⊆ Bx H.
Appendix B: Intertwining operators
The main result of this appendix is the following proposition.
Proposition B.1. There exists a N ∈ N such that for every α ∈ Π, σ ∈ M and λ ∈ a * C with λ(α ∨ ) / ∈ 1 N Z, the standard intertwining operator I α (σ, λ) : π sαλ,sασ → π λ,σ is defined and an isomorphism.
Before we prove the proposition, we first prove a lemma.
Lemma B.2. Assume that the split rank of G is equal to 1 and let α be the simple root of (g, a). There exists a N ∈ N such that for every σ ∈ M and ν ∈ a * C with ν(α ∨ ) / ∈ 1 N Z, the representation π ν,σ is irreducible.
Proof. Let t be a maximal torus in m. Let h = a ⊕ it. Then h C is a Cartan subalgebra of g C . We define Σ(h) ⊆ h * to be the set of roots of (g C , h C ), choose a positive system Σ + (h) and define
Let ξ ∈ t * C be the Harish-Chandra parameter of some constituent σ 0 of the restriction of σ to the connected component of M. Then ξ − ρ M is the highest weight of σ 0 .
We view t * C and a * C as subspaces of h * C by extending the functionals trivially with respect to the decomposition h C = t C ⊕ a C . We write p a and p t for the restrictions a C and t C respectively. Let θ be the involutive automorphism on h C that is 1 on t C and −1 on a C . We denote the adjoint of θ by θ as well. Now assume that π ν,σ is not irreducible. We write γ = (ξ, ν) ∈ t * C ⊕ a * C . By [37, Theorem 1.1] there exists a β ∈ Σ(h) such that γ(β ∨ ) ∈ Z and either (a) γ(β ∨ ) > 0, γ(θβ ∨ ) < 0 and θβ = −β, or (b) θβ = −β.
is absolutely convergent and non-zero. Hence I α (σ, λ)φ(e) is non-zero. In particular this shows that both I α (σ, λ) and I Z.
